In this paper, limit cycles bifurcating from a third-order nilpotent critical point in a class of quartic planar systems are studied. With the aid of computer algebra system MAPLE, the first 12 Lyapunov constants are deduced by the normal form method. As a result, sufficient and necessary center conditions are derived, and the fact that there exist 12 or 13 limit cycles bifurcating from the nilpotent critical point is proved by different perturbations. The result in [Qiu et al. in Adv. Differ. Equ. 2015(1):1, 2015] is improved.
Introduction
An isolated critical point O(0, 0) is called a nilpotent singular point if the linear part of systems has double zero eigenvalues but the matrixes of the linearized systems at the origin are not identically null. Over the past twenty years, many different kinds of topological phase portraits around a nilpotent critical point have been given in [2] . Some results before 1980 were also introduced in [3] . It is well known that it is more difficult to study a phase portrait around a nilpotent critical point than around an element critical point. However, more and more attention has been paid to the center problem and bifurcation of limit cycles of a system with a nilpotent critical point recently.
By a proper linear transformation, the planar autonomous analytic system with a nilpotent critical point can always be changed into where (x, y) and (x, y) are analytic functions in the neighborhood of origin.
On the basis of the discussion in [3] , the origin of system (1.1) is a monodromic critical point if and only if where n is a positive integer. The origin is called a (2n -1)-order nilpotent critical point.
In [4] , local behavior of an isolated nilpotent critical point for polynomial Hamiltonian systems was investigated. They proved that there are exactly three cases: a center, a cusp, or a saddle. Then, for quadratic and cubic Hamiltonian systems, they obtained necessary and sufficient conditions for a nilpotent critical point to be a center, a cusp, or a saddle. Some special systems were also studied in [5, 6] by this method. Furthermore, limit cycle bifurcation near a double homoclinic loop passing through a nilpotent saddle by studying the analytical property of the first-order Melnikov functions for general near-Hamiltonian systems was studied in [7] . They obtained the conditions for the perturbed system to have 8, 10, or 12 limit cycles in a neighborhood of the loop with seven different distributions. Recently, the expansion of the first Melnikov function appearing by perturbing an integrable and reversible system with a homoclinic loop passing through a nilpotent singular point was investigated in [8] , and the authors got the formulas for computing the first coefficients of the expansion. Some other methods were also developed recently. For example, in [9] , it was proved that all the nilpotent centers are limit of linear type centers; and consequently, the Poincare-Lyapunov method to find linear type centers can be also used to find the nilpotent centers. Quasi-homogeneous vector fields with a nilpotent and monodromic isolated singular point were investigated in [10] . They also proved for this system the existence of a Lyapunov function, and they solved theoretically the center problem for such a system. Bifurcation theory for finitely smooth planar autonomous differential systems was considered in [11] . Theory of rotated equations was discussed in [12] and was applied to a population model.
The origin is called a third-order nilpotent critical point when n = 2 in (1.2). For the planar systems with a third-order nilpotent critical point, the center problem has been completely solved in [13] where the author proved that the system has always an integrating factor, but this method is not valid for any nilpotent singularity. The inverse integrating factor method for the planar systems with a third-order nilpotent critical point was also discussed in [14, 15] . By using those methods, the fact that there exist eight small amplitude limit cycles created from nilpotent critical points was proved in [16] for a class of cubic systems by their method. Furthermore, a new kind of bifurcation phenomenon was discussed in [17] . They proved that a third-order nilpotent focus of the planar dynamical systems could be broken into two element foci and an element saddle, limit cycles could bifurcate out from two-element focus. As an example, a class of cubic systems with 3-multiple nilpotent focus were investigated. They proved that nine limit cycles could bifurcate from the origin when the origin is a weak focus of order eight. For third-order nilpotent critical points of a planar dynamical system, the analytic center problem was completely solved by using the integrating factor method [18] . By using this method, some special systems were investigated in [1, 19, 20] .
In fact, Theorem 19.10 in [3] shows when condition (1.2) holds, there exist formal trans-
such that (1.1) becomes the Liénard equation
where
Furthermore, if condition (1.2) holds, there exist analytic transformations in the neighborhood of origin of (1.3) to make (1.1) be changed into the Liénard equation 6) so B 2k could be thought of as Lyapunov constants of (1.1).
From then, the normal form theory was applied to solve the center-focus problem for monodromic planar nilpotent singularities. In [3, [21] [22] [23] [24] , by considering the normal forms of (1.1), the authors tried to study the computation problem of focal values. In [25] , by means of a recursive algorithm well suited to symbolic computation of normal form, authors achieved the expressions for its coefficients and investigated the possibilities of simplifying the classical normal form, obtaining simpler and higher order normal forms than in previous works. Furthermore, in [26] , authors showed that normal form can also be applied to generate limit cycles from nilpotent singularities. In [27] , Hamiltonian linear type centers and nilpotent centers of linear plus cubic polynomial vector fields were considered. They provided twelve normal forms for all the Hamiltonian planar polynomial vector fields having linear plus cubic homogeneous terms which possess a linear type center or a nilpotent center at the origin, and found their global phase portraits on the Poincare disk. Last year, the normal form method was used to investigated the nilpotent critical point again by Pei Yu. The authors gave an efficient program by MAPLE in [28] .
Ten limit cycles bifurcating from a nilpotent critical point in a cubic system are obtained.
For a quartic system with third-order critical point, 11 limit cycles were obtained in [1] by using the inverse integrating factor method. In this paper, a class of quartic systems with are studied by using the normal form method, one more limit cycle is found.
The rest of this paper is organized as follows. In Sect. 2, with the aid of computer algebra system MAPLE, the first 12 Lyapunov constants are computed by the normal form method. Sufficient and necessary center conditions are derived. In Sect. 3, the fact that there exist 12 or 13 limit cycles bifurcating from the nilpotent critical point is proved.
Henceforth, we give a lower bound of cyclicity of a nilpotent critical point for quartic polynomial systems. The result in [1] is improved.
Lyapunov constants and center conditions
According to normal form theory, for system (1.1), we can find analytic transformations in the neighborhood of origin to transform system (1.7) into (1.6). Applying the recursive formulae in [28] to carry out calculations, we have the following theorem. which has an analytic first integral
An example when all parameters are equal to 1 is given in Fig. 3 . 3 Bifurcation of a limit cycle from the origin of system (1.7)
In this section, two perturbation methods are given in order to obtain more limit cycles. The first method is called perturbation method of small parameters by perturbing the coefficients. The second method is double bifurcation.
Perturbation method of small parameters
At first, we will prove that the perturbed system of (1.7) can generate twelve limit cycles enclosing an elementary node at the origin of unperturbed system (1.7) when the third-order nilpotent critical point O(0, 0) is a 12th-order weak focus by perturbing the coefficients. So, when condition (3.3) holds and f 1 = f 2 = 0, we can conclude that f 5 = 0. Further, Theorem 3.1.3 in [15] yields that if the origin of system (3.4)| δ=ε=0 is a weak focus of order m, then, when 0 < δ, ε 1, (3.4) has at most m limit cycles in a neighborhood of the origin. Namely the following theorem holds. 
Double perturbation method
In this section, an interesting bifurcation of limit cycles, which is different from the first kind of bifurcation discussed in previous section, will be considered. One more smallamplitude limit cycles near the origin can be found. Consider the following perturbed system of (1. System (3.6) is called double perturbed system of system (1.7). When 0 <| ε | 1, system (3.6) has three real singular points in the neighborhood of the origin, namely O(0, 0) and P 1,2 (±ε; 0). By transformation
P 1,2 (±ε, 0) of system (3.6) can be shifted to the origin, and we obtain a new system in the form of
where (ξ , η, ε, δ) and (ξ , η, ε, δ) are power series in (u, v, ε, δ) with nonzero convergence radius. So P 1,2 (±ε, 0) of (3.6) are fine foci when δ = 0, and weak foci or centers when δ = 0. When the origin of system (1.7) is a 12th-order weak focus, the first Lyapunov constant of system (3.7) at origin is
when ε → 0. So it leads to bifurcations of two small-amplitude limit cycles around the two symmetric singular points P 1,2 (±ε, 0) of (3.6). Similarly, summarizing the above results yields the following theorem. So, an example which can generate 13 limit cycles by perturbing the quartic system with a nilpotent critical point is given in this section. The following result is easy to obtain from the above discussion. , there exist two centers P(±ε, 0) and a saddle (0, 0) in (3.6).
The Phase portrait of system (3.6) with two centers P(±ε, 0) and a saddle (0, 0) was given in Fig. 4. 
Conclusion
Let M(n) denote the maximal number of small-amplitude limit cycles bifurcating from either an elementary focus or a center. There have been many results in the literature. M(2) = 3 was obtained by Bautin in 1952 [29] . For n = 3, the existence of 11 smallamplitude limit cycles around a singular point was proved by [30] , which is the best result so far for cubic systems, namely M(3) = 11. For a quartic system, using the techniques developed in [31] , 21 limit cycles around an elementary focus or a center were found in [32] . For the result to quintic systems, 26 limit cycles around an elementary focus or a center were found in [32] . The authors have improved the bounds known up to now for quartic and quintic systems. Regarding the maximal number of small-amplitude limit cycles bifurcating from a nilpotent singular point, nine limit cycles were found in [28] . In [1], 12 limit cycles were obtained for a quartic system with a nilpotent singular point. In this paper, we obtained 13 limit cycles which can be bifurcated from a third-order nilpotent singular point by the normal form method. We also check our computation by the inverse integrating factor method. The result in [1] is improved. 
Appendix

